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ABSTRACT
Equations of fully general relativistic radiation hydrodynamics around a rotating black
hole are derived by using the Kerr-Schild coordinate where there is no coordinate
singularity at the event horizon. Since the radiation interacts with matter moving with
relativistic velocities near the event horizon, the interplay between the radiation and
the matter should be described fully relativistically. In the formalism used in this study,
while the interactions between matter and radiation are introduced in the comoving
frame, the equations and the equations and the derivatives for the description of the
global evolution of both matter and the radiation are given in the Kerr-Schild frame
(KSF) which is a frame fixed to the coordinate describing the central black hole.
As a frame fixed to the coordinate, we use the locally non-rotating reference frame
(LNRF) representing a radially falling frame when the Kerr-Schild coordinate is used.
Around the rotating black hole, both the matter and the radiation are affected by the
frame-dragging effects.
Key words: accretion: accretion disks—black hole physics—hydrodynamics— ra-
diative transfer—relativity.
1 INTRODUCTION
It is widely believed that the accretion flow onto black holes plays one of the essential roles in the active phenomena in the
universe. Relativistic effects in accretion disks around black holes derives some major activities of astrophysical black holes,
such as active galactic nuclei, Galactic black hole candidates and possibly gamma-ray bursts. For the mass accretion rate near
or over the Eddington mass accretion rate, the interactions between radiation and matter in the accretion disk are important.
While for the supercritical accretion flows considered in e.g. Syfert galaxies or the black hole binaries the photons interact
with matter, for the hypercritical accretion flows considered in the central engine of gamma-ray bursts the neutrinos interact
with matter around the central black hole. In such situations, the dynamics and the energy balance in matter and radiation
are affected by each other.
So far, the general relativistic radiative transfer is investigated by many authors (e.g. Lindquist 1966; Anderson & Spiegel
1972; Schmid-Burgk 1978; Thorne 1981; Schinder, Bludman & Piran 1988; Turolla & Nobili 1988; Anile & Romano 1992;
Cardall & Mezzacappa 2003; Park 2006). Lindquist (1966) gives a general treatment of the radiation transfer equation and
the radiation hydrodynamic equations derived by using a comoving Lagrangian frame of reference. Thorne (1981) derive
general relativistic moment equations up to an arbitrary order by introducing projected symmetric trace-free (PSTF) tensors.
Since these formalisms are based on the comoving frames, the physical quantities in terms of matter and radiation and
the directional derivatives are also described in the comoving frame. In some astrophysical objects, the radiation interacts
with matters moving at relativistic velocities. In such cases, the interaction between the radiation and the matter should be
described fully relativistically. This is easily done if both radiation field and matters are evaluated in the comoving frame which
is a frame where the element of matter is at rest. Based on this idea, Mihalas (1980) introduce the radiation hydrodynamic
equations in the Eulerian framework. In this approach, the physical quantities in terms of matter and radiation and the
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derivatives were introduced in the frame fixed to the coordinate of the central object, e.g. a black hole, while the interactions
between matter and radiation were calculated in the comoving frame. That is, the local processes like the interaction between
the matter and the radiations are evaluated in the comoving frame, while the derivatives which are used for the calculations
of the global dynamics of both the matter and the radiation are derived in the frame fixed to the coordinate describing the
central object.
In principle, this formalism can be extended to arbitrary space-time. Park (1993) derived the radiation hydrodynamic
equations for spherically symmetric systems, and Park (2006) give the explicit expressions for the basic equations of the
general relativistic radiation hydrodynamics in Schwarzschild space-time. In addition, the equations of the general relativistic
radiation hydrodynamics in Kerr space-time are given by Takahashi (2007b) based on the Boyer-Lindquist coordinate which is
one of the traditional coordinate of the metric of a rotating black hole and is most frequently used in the past studies. However,
it is known that the Boyer-Lindquist coordinate have the coordinate singularity at the event horizon. Due to this coordinate
singularity, the flow structure calculated by using this coordinate exhibit some unrealistic behavior near the event horizon.
For example, the accretion flow plunges into the horizon with the speed of light, and the angular velocity of the accretion
flow become equal to the angular velocity of the frame-dragging at the event horizon (e.g. Takahashi 2007a). Both these
features are caused by the coordinate singularity, and the actual flows near the horizon do not have such properties. So, the
alternative coordinate for the description of the metric around a rotating black hole are sometimes used mainly in the dynamical
hydrodynamic or magnetohydrodynamic simulations (Papadopoulos & Font 1998; Font, Iba´n˜ez & Papadopoulos 1998; Cook
2000; Font 2000; Komissarov 2001; Gammie, McKinney & To´th 2003; Komissarov 2004; Gammie, Shapiro & McKinney 2004).
One of such coordinates is the Kerr-Schild coordinate where there is no coordinate singularity at the event horizon. By using
this coordinate, the structure of the accretion flow can be calculated accurately near or just on the event horizon. So, since
the inner boundary condition can be set inside the horizon, the equations of the radiation hydrodynamics around a rotating
black hole based on the Kerr-Schild coordinate become useful when the numerical calculations are performed. One of the
main purposes in this paper is to give these equations.
After giving the general forms of the basic equations for the general relativistic radiation hydrodynamics in §2, in §3 by
using the orthonormal tetrads fixed to the coordinate (§3.1), the radiation moments (§3.2), the radiation four-force (§3.3) are
derived. In §4, we also give the basic equations for the radiation hydrodynamics including the continuity equation (§4.1), the
hydrodynamic equations (§4.2) and the radiation moment equations (§4.3). Concluding remarks are given in the last section.
In this paper, we assume c = 1 in most equations except in a few cases where c is explicitly used for clarity. Latin and Greek
indices denote spatial components and spacetime components, respectively. ∇µ denote the covariant derivative with respect
to gµν .
2 COVARIANT EQUATIONS FOR GENERAL RELATIVISTIC RADIATION HYDRODYNAMICS
Before the explicit expressions for the equations of the radiation hydrodynamics in Kerr space-time are given, here we briefly
summarize the the basic equations of the general relativistic radiation hydrodynamics in covariant form (e.g. Mihalas &
Miharas 1984). We assume the energy-momentum tensor for matter of an ideal gas described as
Tαβ = ρ0hgu
αuβ + Pgg
αβ, (1)
where uα, ρ0, hg and Pg are the four-velocity, the rest-mass density, the relativistic specific enthalpy and the pressure of the
gas, respectively. The specific enthalpy of the gas, hg, is calculated as hg = (εg + Pg)/ρ0 where εg is the energy density of
the gas. Here, the fluid quantities hg, εg, Pg and ρ0 are all being measured in the comoving frame of the fluid. The radiation
stress-energy tensor is calculated from the specific intensity I(xα;n, ν) as
Rαβ =
∫ ∫
I(n, ν)nαnβdνdΩ, (2)
where pα = (hν)(1,n) are the photon (or neutrino) four-momentum and nα ≡ pα/hν. Here, the specific intensity I(xα;n, ν)
is defined for photons (or neutrinos) moving in direction n with the frequency ν. The particle number conservation equation
in the absence of particle creation and annihilation and the conservation equation for the total energy-momentum of gas plus
radiation are given as
∇α(nuα) = 0, (3)
∇β(Tαβ +Rαβ) = 0, (4)
respectively. Here n is the particle number density measured in the comoving frame, and n is related to ρ0 as n = ρ0/mg
where mg is the mass of the gas particle. On the other hand, the radiation four-force density acting on the matter is given as
Gα =
1
c
∫ ∫
[χνI(n, ν)− ην ]nαdνdΩ, (5)
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where χν and ην are the opacity and the emissivity, respectively. The invariant emissivity and invariant opacity are ην/ν
2
and νχν , respectively. The dynamical equations for the matter and the radiation field are described as
∇βTαβ = Gα, (6)
∇βRαβ = −Gα. (7)
3 RADIATION HYDRODYNAMICS DESCRIBED BY KERR-SCHILD COORDINATE
In this study, we assume the background geometry around the rotating black hole written by the Kerr-Schild coordinate where
there is no coordinate singularity at the event horizon. By using this coordinate, the metric around a rotating black hole is
described as
ds2 = gαβdx
αdxβ,
= −α2dt2 + γij(dxi + βidt)(dxj + βjdt), (8)
where i, j = r, θ, φ and the nonzero components of the lapse function α, the shift vector βi and the metric in three-dimensional
spatial hypersurface γij are given in the geometric unit as
α =
(
1 +
2mr
Σ
)−1/2
, βr =
2mr/Σ
1 + 2mr/Σ
,
γrr = 1 +
2mr
Σ
, γθθ = Σ, γφφ =
A sin2 θ
Σ
, γrφ = γφr = −a sin2 θ
(
1 +
2mr
Σ
)
. (9)
Here, we use the geometric mass m = GM/c2, Σ = r2 + a2 cos2 θ, A = (r2 + a2)2 − a2∆sin2 θ = Σ∆ + 2mr(r2 + a2) =
Σ2 + a2 sin2 θ(Σ + 2mr), and ∆ = r2 − 2Mr + a2, where M is the black hole mass, G is the gravitational constant and c is
the speed of light. The position of the outer and inner horizon, r±, is calculated from ∆ = 0 as r± = m± (m2 − a2)1/2. The
angular velocity of the frame dragging due to the black hole’s rotation is calculated as ω = −gtφ/gφφ = 2mar/A.
3.1 Reference Frames and Orthonormal Tetrads
Three reference frames are used in this study: (1) the Kerr-Schild frame (KSF) which is the frame based on the Kerr-Schild
coordinate describing the metric, (2) the locally non-rotating reference frame (LNRF) which is the orthonormal frame fixed
to the coordinate, and (3) the comoving frame where the element of the fluid is at rest. The interactions between the matter
and the radiation are introduced in the comoving frame. The LNRF is calculated from a stationary congruence formed by
observers with a future-directed unit vector orthogonal to t =constant. The components of the four velocity for such observer
are given as (Frolov & Novikov 1998)
uµ = −αδtµ, and ut = α−1, ui = −α−1βi, (i = r, θ, φ), (10)
respectively. Since the vorticity tensor vanishes for this congruences, the reference frame formed by this congruence is locally
non-rotating. Then, the tetrad vectors, eµˆν and e
µ
νˆ , for the LNRF are given as
etˆµ = [α, 0, 0, 0] , (11)
erˆµ =
[
βr(γrr)−1/2, (γrr)−1/2, 0, 0
]
, (12)
eθˆµ =
[
0, 0, (γθθ)
1/2, 0
]
, (13)
eφˆµ =
[
βrγrφ(γφφ)
−1/2, γrφ(γφφ)
−1/2, 0, (γφφ)
1/2
]
, (14)
and
eµ
tˆ
=
[
α−1, − βrα−1, 0, 0
]
, (15)
eµrˆ =
[
0, (γrr)1/2, 0, γrφ(γrr)−1/2
]
, (16)
eµ
θˆ
=
[
0, 0, (γθθ)1/2, 0
]
, (17)
eµ
φˆ
=
[
0, 0, 0, (γφφ)
−1/2
]
. (18)
Here, the hat denotes the physical quantities measured in the LNRF. The base eαˆ = ∂/∂x
αˆ of the LNRF can be expressed
by the coordinate base ∂/∂xµ as
∂
∂tˆ
=
1
α
(
∂
∂t
− βr ∂
∂r
)
,
∂
∂rˆ
=
√
γrr
(
∂
∂r
− γrφ
γφφ
∂
∂φ
)
,
∂
∂θˆ
=
1√
γθθ
∂
∂θ
,
∂
∂φˆ
=
1√
γφφ
∂
∂φ
, (19)
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where µ = t, r, θ, φ. Here, (x0ˆ, x1ˆ, x2ˆ, x3ˆ) = (tˆ, rˆ, θˆ, φˆ). The components of the fluid’s three velocity measured by a
fiducial observer who is fixed with respect to the coordinates in the LNRF are calculated as
vˆi =
uiˆ
utˆ
, (i = r, θ, φ) (20)
where uαˆ is the four-velocity in the LNRF. The components of the three velocity are explicitly calculated as
vˆr =
1
α
√
γrr
(
ur
ut
+ βr
)
, vˆθ =
1
α
√
γθθ
(
uθ
ut
)
, vˆr =
√
γφφ
α
[
Ω +
γrφ
γφφ
(
ur
ut
+ βr
)]
, (21)
where Ω ≡ uφ/ut is the angular velocity and we have used utˆ = −utˆ = αut. The Lorentz factor γˆ for this three velocity is
calculated as
γˆ ≡ (1− vˆ2)−1/2 = αut, (22)
where vˆ2 = v · v = vˆivˆi = vˆ2r + vˆ2θ + vˆ2φ.
A tetrad base for the comoving frame ∂/∂xα¯ is calculated by the Lorentz transformation as
∂
∂xα¯
= Λβˆα¯(v)
∂
∂xβˆ
, (23)
where the bar denotes the physical quantities measured in the comoving frame. The components of the Lorentz transformation
Λαˆβ¯(v) are given as Λ
tˆ
t¯ = γˆ, Λ
iˆ
t¯ = γˆvˆ
i, Λtˆj¯ = γˆvˆj and Λ
iˆ
j¯ = δ
i
j + vˆ
ivˆj γˆ
2/(1 + γ) (i, j = r, θ, φ). Here, (x0¯, x1¯, x2¯, x3¯) =
(t¯, r¯, θ¯, φ¯). The components of the base of the comoving tetrad ∂/∂xα¯ can be expressed by the coordinate base ∂/∂xα as
∂
∂t¯
=
γˆ
α
∂
∂t
+ γˆ
(
vˆr
√
γrr − β
r
α
)
∂
∂r
+
γˆvˆθ√
γθθ
∂
∂θ
+ γˆ
(
vˆφ√
γφφ
− vˆr
√
γrr
γrφ
γφφ
)
∂
∂φ
,
∂
∂r¯
=
γˆvˆr
α
∂
∂t
+
[√
γrr
(
1 +
vˆ2r γˆ
2
γˆ + 1
)
− γˆvˆr β
r
α
]
∂
∂r
+
1√
γθθ
(
vˆr vˆθγˆ
2
γˆ + 1
)
∂
∂θ
+
[
1√
γφφ
(
vˆr vˆφγˆ
2
γˆ + 1
)
−
√
γrr
γrφ
γφφ
(
1 +
vˆ2r γˆ
2
1 + γˆ
)]
∂
∂φ
,
∂
∂θ¯
=
γˆvˆθ
α
∂
∂t
+ γˆvˆθ
[√
γrr
(
vˆr γˆ
γˆ + 1
)
− β
r
α
]
∂
∂r
+
1√
γθθ
(
1 +
vˆ2θ γˆ
2
γˆ + 1
)
∂
∂θ
+
vˆθ γˆ
2
γˆ + 1
(
vˆφ√
γφφ
− vˆr
√
γrr
γrφ
γφφ
)
∂
∂φ
,
∂
∂φ¯
=
γˆvˆφ
α
∂
∂t
+ γˆvˆφ
[√
γrr
(
vˆr γˆ
γˆ + 1
)
− β
r
α
]
∂
∂r
+
1√
γθθ
(
vˆθ vˆφγˆ
2
γˆ + 1
)
∂
∂θ
+
[
1√
γφφ
(
1 +
vˆ2φγˆ
2
γˆ + 1
)
−
√
γrr
γrφ
γφφ
(
vˆr vˆφγˆ
2
γˆ + 1
)]
∂
∂φ
. (24)
In the similar manner, the inverse transformation from the base of the comoving tetrad to the coordinate base is calculated by
using the inverse Lorentz transformation Λα¯
βˆ
(−v), and the coordinate base ∂/∂xα is calculated from the base of the comoving
tetrad ∂/∂xα¯ as
1
α
∂
∂t
= γˆ
[
1− β
r
α
(
vˆr√
γrr
− vˆφγrφ√
γφφ
)]
∂
∂t¯
+
[
−γˆvˆr + β
r
α
√
γrr
(
1 +
γˆ2vˆ2r
γˆ + 1
)
+
βrγrφ
α
√
γφφ
(
γˆ2vˆr vˆφ
γˆ + 1
)]
∂
∂r¯
+
[
−γˆvˆθ + β
r
α
√
γrr
(
γˆ2vˆr vˆθ
γˆ + 1
)
+
βrγrφ
α
√
γφφ
(
γˆ2vˆθ vˆφ
γˆ + 1
)]
∂
∂θ¯
+
[
−γˆvˆφ + β
r
α
√
γrr
(
γˆ2vˆr vˆφ
γˆ + 1
)
+
βrγrφ
α
√
γφφ
(
1 +
γˆ2vˆ2φ
γˆ + 1
)]
∂
∂φ¯
,
√
γrr
∂
∂r
= −γˆ
(
vˆr + vˆφγrφ
√
γrr
γφφ
)
∂
∂t¯
+
[(
1 +
γˆ2vˆ2r
γˆ + 1
)
+ γrφ
√
γrr
γφφ
(
γˆ2vˆrvˆφ
γˆ + 1
)]
∂
∂r¯
+
[(
γˆ2vˆr vˆθ
γˆ + 1
)
+ γrφ
√
γrr
γφφ
(
γˆ2vˆθ vˆφ
γˆ + 1
)]
∂
∂θ¯
+
[(
γˆ2vˆr vˆφ
γˆ + 1
)
+ γrφ
√
γrr
γφφ
(
1 +
γˆ2vˆ2φ
γˆ + 1
)]
∂
∂φ¯
,
1√
γθθ
∂
∂θ
= −γˆvˆθ ∂
∂t¯
+
(
γˆ2vˆr vˆθ
γˆ + 1
)
∂
∂r¯
+
(
1 +
γˆ2vˆ2θ
γˆ + 1
)
∂
∂θ¯
+
(
γˆ2vˆθ vˆφ
γˆ + 1
)
∂
∂φ¯
,
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1√
γφφ
∂
∂φ
= −γˆvˆφ ∂
∂t¯
+
(
γˆ2vˆr vˆφ
γˆ + 1
)
∂
∂r¯
+
(
γˆ2vˆθ vˆφ
γˆ + 1
)
∂
∂θ¯
+
(
1 +
γˆ2vˆ2φ
γˆ + 1
)
∂
∂φ¯
. (25)
3.2 Radiation moments
The radiation energy density E, the radiation flux F i and the radiation pressure tensor P ij are defined as the zeroth, the first
and the second moments of the specific intensity Iν(x
µ, n), respectively. We denote the radiation moments as
Eˆ =
∫ ∫
IˆνˆdνˆdΩˆ, Fˆ
i =
∫ ∫
Iˆνˆ nˆ
idνˆdΩˆ, Pˆ ij =
∫ ∫
Iˆνˆ nˆ
inˆjdνˆdΩˆ, (26)
when measured in the LNRF, and
E¯ =
∫ ∫
I¯ν¯dν¯dΩ¯, F¯
i =
∫ ∫
I¯ν¯ n¯
idν¯dΩ¯, P¯ ij =
∫ ∫
I¯ν¯ n¯
in¯jdν¯dΩ¯, (27)
when measured in the comoving frame. Correspondingly, the radiation stress tensors for the LNRF and the comoving frame
are given as
Rαˆβˆ =


Eˆ Fˆ r Fˆ θ Fˆφ
Fˆ r Pˆ rr Pˆ rθ Pˆ rφ
Fˆ θ Pˆ rθ Pˆ θθ Pˆ θφ
Fˆφ Pˆ rφ Pˆ θφ Pˆφφ

 and Rα¯β¯ =


E¯ F¯ r F¯ θ F¯φ
F¯ r P¯ rr P¯ rθ P¯ rφ
F¯ θ P¯ rθ P¯ θθ P¯ θφ
F¯φ P¯ rφ P¯ θφ P¯φφ

 , (28)
respectively. The contravariant components of the radiation stress tensor Rαβ are calculated from Rαˆβˆ by the transformation
as
Rαβ =
∂xα
∂xµˆ
∂xβ
∂xνˆ
Rµˆνˆ , (29)
and explicitly given as
Rαβ =


Eˆ
α2
1
α
(√
γrrFˆ r − β
r
α
Eˆ
)
1
α
(√
γrrFˆ r − β
r
α
Eˆ
)
γrrPˆ rr − 2β
r
α
√
γrrFˆ r +
(
βr
α
)2
Eˆ
Fˆ θ
α
√
γθθ
1√
γθθ
(√
γrrPˆ rθ − β
r
α
Fˆ θ
)
1
α
(
γrφ√
γrr
Fˆ r +
Fˆφ√
γφφ
) √
γrr
(
Pˆ rφ√
γφφ
+
γrφ√
γrr
Pˆ rr
)
− β
r
α
(
γrφ√
γrr
Fˆ r +
Fˆφ√
γφφ
)
Fˆ θ
α
√
γθθ
1
α
(
γrφ√
γrr
Fˆ r +
Fˆφ√
γφφ
)
1√
γθθ
(√
γrrPˆ rθ − β
r
α
Fˆ θ
) √
γrr
(
Pˆ rφ√
γφφ
+
γrφ√
γrr
Pˆ rr
)
− β
r
α
(
γrφ√
γrr
Fˆ r +
Fˆφ√
γφφ
)
Pˆ θθ
γθθ
1√
γθθ
(
Pˆ θφ√
γφφ
+
γrφ√
γrr
Pˆ rθ
)
1√
γθθ
(
Pˆ θφ√
γφφ
+
γrφ√
γrr
Pˆ rθ
)
Pˆφφ
γφφ
+
2γrφ√
γrrγφφ
Pˆ rφ +
(γrφ)2
γrr
Pˆ rr


. (30)
By using the Lorentz transformations, the radiation moments measured in the comoving frame are calculated from those
measured in the LNRF as
Rα¯β¯ = Λα¯µˆ(−v)Λβ¯νˆ(−v)Rµˆνˆ , (31)
and explicitly given as (Mihalas & Mihalas 1984; Park 2006)
E¯ = γˆ2
(
Eˆ − 2vˆiFˆ i + vˆivˆjPˆ ij
)
, (32)
F¯ i = −γˆ2vˆiEˆ + γˆ
[
δij +
(
γˆ +
γˆ2
γˆ + 1
)
vˆivˆj
]
Fˆ j − γˆvˆj
(
δik +
γˆ2
γˆ + 1
vˆivˆk
)
Pˆ jk, (33)
c© 2007 RAS, MNRAS 000, 1–11
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P¯ ij = γˆ2vˆivˆjEˆ − γˆ
(
vˆiδjk + vˆ
jδik + 2
γˆ2
γˆ + 1
vˆivˆj vˆk
)
Fˆ k +
(
δik +
γˆ2
γˆ + 1
vˆivˆk
)(
δjl +
γˆ2
γˆ + 1
vˆj vˆl
)
Pˆ kl. (34)
Inversely, the radiation moments measured in the LNRF are calculated from those measured in the comoving frame as
Rαˆβˆ = Λαˆµ¯(v)Λ
βˆ
ν¯(v)R
µ¯ν¯ , (35)
and explicitly given as
Eˆ = γˆ2
(
E¯ + 2vˆiF¯
i + vˆivˆjP¯
ij
)
, (36)
Fˆ i = γˆ2vˆiE¯ + γˆ
[
δij +
(
γˆ +
γˆ2
γˆ + 1
)
vˆivˆj
]
F¯ j + γˆvˆj
(
δik +
γˆ2
γˆ + 1
vˆivˆk
)
P¯ jk, (37)
Pˆ ij = γˆ2vˆivˆjE¯ + γˆ
(
vˆiδjk + vˆ
jδik + 2
γˆ2
γˆ + 1
vˆivˆj vˆk
)
F¯ k +
(
δik +
γˆ2
γˆ + 1
vˆivˆk
)(
δjl +
γˆ2
γˆ + 1
vˆj vˆl
)
P¯ kl. (38)
3.3 Radiation four-force density
The radiation four-force density measured in the comoving frame is given as (Mihalas & Mihalas 1984)
Gα¯ =
1
c
∫ ∫
(χ¯I¯ν¯ − η¯)nα¯ dν¯dΩ¯, (39)
where χ¯ and η¯ are the mean opacity and the emissivity measured in the comoving frame, respectively. The time component
Gt¯ has the dimension c−1 times the net rate of the radiation energy per unit volume, and the spatial component Gi¯ has the
dimension of the net rate of the momentum exchange between the matter and the radiation. The time component of the
radiation four-force density measured in the comoving frame can be calculated as (Mihalas & Mihalas 1984; Park 2006)
Gt¯ = Γ¯− Λ¯ (40)
where the heating function Γ¯ and the cooling function Λ¯ are defined as
Γ¯ ≡ 1
c
∫ ∫
χ¯I¯ν¯dν¯dΩ¯, Λ¯ ≡ 1
c
∫ ∫
η¯dν¯dΩ¯. (41)
The components of the radiation force Gα is calculated from those in the comoving frame Gα¯ by the transformation
Gα =
∂xα
∂xβ¯
Gβ¯ , (42)
and explicitly given as
Gt =
γˆ
α
(
Gt¯ + vˆiG
i¯
)
,
Gr =
√
γrrGr¯ + γˆ
(√
γrrvˆr − β
r
α
)
Gt¯ + γˆ
(√
γrr
γˆvˆr
γˆ + 1
− β
r
α
)
vˆiG
i¯,
Gθ =
1√
γθθ
(
Gθ¯ + γˆvˆθG
t¯ +
γˆ2vˆθ
γˆ + 1
vˆiG
i¯
)
,
Gφ =
Gφ¯√
γφφ
+
γrφ√
γrr
Gr¯ + γˆ
(
vˆφ√
γφφ
+
γrφ√
γrr
vˆr
)(
Gt¯ +
γˆ
γˆ + 1
vˆiG
i¯
)
. (43)
4 RADIATION HYDRODYNAMIC EQUATIONS
4.1 Continuity equation
As a continuity equation, now we consider the particle number conservation, (nuα);α = 0. This equation can be calculated as
∂
∂t
(
α
√
γnut
)
+
∂
∂xi
(
α
√
γnui
)
= 0, (44)
where γ ≡ detγij . In the case of the Kerr metric written by the Boyer-Lindquist coordinate γ = Σ(Σ + 2mr) sin2 θ.
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4.2 Hydrodynamic equations
The relativistic Euler equations are obtained by the projection of the equation of the energy momentum conservation ∇βTαβ =
Gα on the specific directions by using the projection tensor Pαβ = gαβ + uαuβ as Pαβ ∇δT βδ = Pαβ Gβ. From this, we can
obtain ρ0hgu
β∇βuα + (gαβ + uαuβ)∂βPg = Gα + uαuβGβ .
The Euler equations in r, θ and φ-directions are given as
ρ0hgu
t du
r
dt
+ ρ0hgu
i du
r
dxi
+ ρ0hgΓ
r
βγu
βuγ + (gtr + urut)
dPg
dt
+ (gri + urui)
dPg
dxi
= Gr + uruβG
β, (45)
ρ0hgu
t du
θ
dt
+ ρ0hgu
i du
θ
dxi
+ ρ0hgΓ
θ
βγu
βuγ + uθut
dPg
dt
+ (gθθ + uruθ)
dPg
dθ
= Gθ + uθuβG
β, (46)
ρ0hgu
t du
φ
dt
+ ρ0hgu
i du
φ
dxi
+ ρ0hgΓ
φ
βγu
βuγ + (gtφ + urut)
dPg
dt
+ (gφi + urui)
dPg
dxi
= Gφ + uφuβG
β, (47)
where
Γαβγu
βuγ = Γαtt(u
t)2 + Γαrr(u
r)2 + Γαθθ(u
θ)2 + Γαφφ(u
φ)2 +
+2Γαtru
tur + 2Γαtθu
tuθ + 2Γαtφu
tuφ + 2Γαrθu
ruθ + 2Γαrφu
ruφ + 2Γαθφu
θuφ, (48)
and now α = r, θ, φ. The Christoffel symbols are given in App. A. uαG
α is calculated by the heating and cooling function
defined in the comoving frame as
uαG
α = −Gt¯ = Λ¯− Γ¯. (49)
This is also calculated as
uαG
α =
[
(−α+ βrβr)Gt + γrφβr(Gr +Gφ)
]
ut +
[
γrr(G
r + βrGt) + γrφG
φ
]
ur + γθθG
θuθ
+
[
γφφG
φ + γrφ(G
r + βrGt)
]
uφ. (50)
The he local energy conservation is obtained from uα∇βTαβ = uαGα calculated as
− nut ∂
∂t
(
ρ0hg
n
)
− nui ∂
∂xi
(
ρ0hg
n
)
+ ut
∂Pg
∂t
+ ui
∂Pg
∂xi
= uβG
β . (51)
4.3 Radiation moment equations
The radiation moment equation ∇βRαβ = −Gα gives the equation for the energy density, the radiation flux and the radiation
pressure tensor. The radiation energy equation is obtained from t-component of this equation ∇αRtα = −Gt calculated as
∂Rtt
∂t
+
1
α
√
γ
[
∂
∂r
(
α
√
γ Rtr
)
+
∂
∂θ
(
α
√
γ Rtθ
)]
+
∂Rtφ
∂φ
+ ΓtβγR
βγ = −Gt. (52)
The radiation momentum equation in r-direction ∇αRrα = −Gr is calculated as
∂Rtr
∂t
+
1
α
√
γ
[
∂
∂r
(
α
√
γ Rrr
)
+
∂
∂θ
(
α
√
γ Rrθ
)]
+
∂Rrφ
∂φ
+ ΓrβγR
βγ = −Gr. (53)
In the similar manner, the radiation momentum equation in θ-direction ∇αRθα = −Gθ is calculated as
∂Rtθ
∂t
+
1
α
√
γ
[
∂
∂r
(
α
√
γ Rrθ
)
+
∂
∂θ
(
α
√
γ Rθθ
)]
+
∂Rθφ
∂φ
+ ΓθβγR
βγ = −Gθ. (54)
The radiation momentum equation in φ-direction ∇αRφα = −Gφ is calculated as
∂Rtφ
∂t
+
1
α
√
γ
[
∂
∂r
(
α
√
γ Rrφ
)
+
∂
∂θ
(
α
√
γ Rθφ
)]
+
∂Rφφ
∂φ
+ ΓφβγR
βγ = −Gφ. (55)
Finally, by inserting the components of the radiation stress tensor given by Eq. (30) into Eqs. (52), (53), (54) and (55), we
obtain the radiation moment equations as
∂
∂t
(
Eˆ
α2
)
+
1
α
√
γ
∂
∂r
[√
γ
(√
γrrFˆ r − β
r
α
Eˆ
)]
+
1
α
√
γ
∂
∂θ
(√
γFˆ θ√
γθθ
)
+
∂
∂φ
[
1
α
(
γrφ√
γrr
Fˆ r +
Fˆφ√
γφφ
)]
+Γttt
(
Eˆ
α2
)
+ 2Γttr
1
α
(√
γrrFˆ r − β
r
α
Eˆ
)
+ 2Γttθ
(
Fˆ θ
α
√
γθθ
)
+ 2Γttφ
[
1
α
(
γrφ√
γrr
Fˆ r +
Fˆφ√
γφφ
)]
+Γtrr
[
γrrPˆ rr − 2β
r
α
√
γrrFˆ r +
(
βr
α
)2
Eˆ
]
+ Γtθθ
(
Pˆ θθ
γθθ
)
+ Γtφφ
[
Pˆφφ
γφφ
+
2γrφ√
γrrγφφ
Pˆ rφ +
(γrφ)2
γrr
Pˆ rr
]
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+2Γtrθ
[
1√
γθθ
(√
γrrPˆ rθ − β
r
α
Fˆ θ
)]
+ 2Γtrφ
[√
γrr
(
Pˆ rφ√
γφφ
+
γrφ√
γrr
Pˆ rr
)
− β
r
α
(
γrφ√
γrr
Fˆ r +
Fˆφ√
γφφ
)]
+2Γtθφ
[
1√
γθθ
(
Pˆ θφ√
γφφ
+
γrφ√
γrr
Pˆ rθ
)]
= −Gt, (56)
∂
∂t
[
1
α
(√
γrrFˆ r − β
r
α
Eˆ
)]
+
1
α
√
γ
∂
∂r
{
α
√
γ
[
γrrPˆ rr − 2β
r
α
√
γrrFˆ r +
(
βr
α
)2
Eˆ
]}
+
1
α
√
γ
∂
∂θ
[
α
√
γ√
γθθ
(√
γrrPˆ rθ − β
r
α
Fˆ θ
)]
+
∂
∂φ
[√
γrr
(
Pˆ rφ√
γφφ
+
γrφ√
γrr
Pˆ rr
)
− β
r
α
(
γrφ√
γrr
Fˆ r +
Fˆφ√
γφφ
)]
+Γrtt
(
Eˆ
α2
)
+ 2Γrtr
[
1
α
(√
γrrFˆ r − β
r
α
Eˆ
)]
+ 2Γrtθ
(
Fˆ θ
α
√
γθθ
)
+ 2Γrtφ
[
1
α
(
γrφ√
γrr
Fˆ r +
Fˆφ√
γφφ
)]
+Γrrr
[
γrrPˆ rr − 2β
r
α
√
γrrFˆ r +
(
βr
α
)2
Eˆ
]
+ Γrθθ
(
Pˆ θθ
γθθ
)
+ Γrφφ
[
Pˆφφ
γφφ
+
2γrφ√
γrrγφφ
Pˆ rφ +
(γrφ)2
γrr
Pˆ rr
]
+2Γrrθ
[
1√
γθθ
(√
γrrPˆ rθ − β
r
α
Fˆ θ
)]
+ 2Γrrφ
[√
γrr
(
Pˆ rφ√
γφφ
+
γrφ√
γrr
Pˆ rr
)
− β
r
α
(
γrφ√
γrr
Fˆ r +
Fˆφ√
γφφ
)]
+2Γrθφ
[
1√
γθθ
(
Pˆ θφ√
γφφ
+
γrφ√
γrr
Pˆ rθ
)]
= −Gr, (57)
∂
∂t
(
Fˆ θ
α
√
γθθ
)
+
1
α
√
γ
∂
∂r
[
α
√
γ√
γθθ
(√
γrrPˆ rθ − β
r
α
Fˆ θ
)]
+
1
α
√
γ
∂
∂θ
(
α
√
γPˆ θθ
γθθ
)
+
∂
∂φ
[
1√
γθθ
(
Pˆ θφ√
γφφ
+
γrφ√
γrr
Pˆ rθ
)]
+Γθtt
(
Eˆ
α2
)
+ Γθrr
[
γrrPˆ rr − 2β
r
α
√
γrrFˆ r +
(
βr
α
)2
Eˆ
]
+ Γθθθ
(
Pˆ θθ
γθθ
)
+ Γθφφ
[
Pˆφφ
γφφ
+
2γrφ√
γrrγφφ
Pˆ rφ +
(γrφ)2
γrr
Pˆ rr
]
+2Γθtr
[
1
α
(√
γrrFˆ r − β
r
α
Eˆ
)]
+ 2Γθtφ
[
1
α
(
γrφ√
γrr
Fˆ r +
Fˆφ√
γφφ
)]
+ 2Γθrθ
[
1√
γθθ
(√
γrrPˆ rθ − β
r
α
Fˆ θ
)]
+2Γθrφ
[√
γrr
(
Pˆ rφ√
γφφ
+
γrφ√
γrr
Pˆ rr
)
− β
r
α
(
γrφ√
γrr
Fˆ r +
Fˆφ√
γφφ
)]
= −Gθ, (58)
∂
∂t
[
1
α
(
γrφ√
γrr
Fˆ r +
Fˆφ√
γφφ
)]
+
1
α
√
γ
∂
∂r
{
α
√
γ
[√
γrr
(
Pˆ rφ√
γφφ
+
γrφ√
γrr
Pˆ rr
)
− β
r
α
(
γrφ√
γrr
Fˆ r +
Fˆφ√
γφφ
)]}
+
1
α
√
γ
∂
∂θ
[
α
√
γ√
γθθ
(
Pˆ θφ√
γφφ
+
γrφ√
γrr
Pˆ rθ
)]
+
∂
∂φ
[
Pˆφφ
γφφ
+
2γrφ√
γrrγφφ
Pˆ rφ +
(γrφ)2
γrr
Pˆ rr
]
+Γφtt
(
Eˆ
α2
)
+ 2Γφtr
[
1
α
(√
γrrFˆ r − β
r
α
Eˆ
)]
+ 2Γφtθ
(
Fˆ θ
α
√
γθθ
)
+ 2Γφtφ
[
1
α
(
γrφ√
γrr
Fˆ r +
Fˆφ√
γφφ
)]
+Γφrr
[
γrrPˆ rr − 2β
r
α
√
γrrFˆ r +
(
βr
α
)2
Eˆ
]
+ Γφθθ
(
Pˆ θθ
γθθ
)
+ Γφφφ
[
Pˆφφ
γφφ
+
2γrφ√
γrrγφφ
Pˆ rφ +
(γrφ)2
γrr
Pˆ rr
]
+2Γφrθ
[
1√
γθθ
(√
γrrPˆ rθ − β
r
α
Fˆ θ
)]
+ 2Γφrφ
[√
γrr
(
Pˆ rφ√
γφφ
+
γrφ√
γrr
Pˆ rr
)
− β
r
α
(
γrφ√
γrr
Fˆ r +
Fˆφ√
γφφ
)]
+2Γφθφ
[
1√
γθθ
(
Pˆ θφ√
γφφ
+
γrφ√
γrr
Pˆ rθ
)]
= −Gφ, (59)
where the Christoffel symbols are given in App. A.
5 CONCLUDING REMARKS
In this study, we have derived equations of fully general relativistic radiation hydrodynamics around a rotating black hole
by using the Kerr-Schild coordinate where there is no coordinate singularity at the event horizon. Both the matter and the
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radiation are affected by the frame-dragging effects due to the black hole’s rotation. Since the radiation usually interact with
matter moving at relativistic velocities near the event horizon, the interaction between the radiation and the matter should be
treated fully relativistically. This can be done if the interplay between the radiation and the matter is evaluated in the comoving
frame where the matter is at rest. In this approach while the interactions between matter and radiation are introduced in the
comoving frame, the equations and the derivatives for the description of the global evolution of both matter and the radiation
are given in the Kerr-Schild frame (KSF) which is a frame fixed to the coordinate describing the central black hole. As a frame
fixed to the coordinate, we use the locally non-rotating reference frame (LNRF) which is a radially falling frame when the
Kerr-Schild coordinate is used. We can see in the derived equations that both the matter and the radiation are affected by the
frame-dragging effects due to the black hole’s rotation. It is widely known that the moment equations truncated at the finite
order do not produce the complete system of equations, i.e., the number of variables are larger than the number of equations.
So, the additional equations are required to close the system of equations (Chandrasekhar 1960; Mihalas 1970; Pomraning
1973; Rybicki & Lightman 1979; Mihalas & Mihalas 1984; Shu 1991). These additional equations should be also described
fully relativistically when the radiation interact with the matter moving at relativistic velocities. As one possible way with
respect to such additional equations, the flux-limited diffusion approximation proposed by Levermore & Pomraning (1981)
is sometimes used. The covariant theories for the flux-limited diffusion approximation is presented for radiation propagating
through inhomogeneous and nonstationary media (Anile & Romano 1992). It is noted that constructing the closure relations
which are essentially required for the radiation hydrodynamical calculations is non-trivial when the photons and the matters
are relatively relativistically moving. This is mainly because the truncation of the moment equations at the finite order can
not be performed frame-independently. So, in such cases, the equations given in this articles are of no use if the sufficient
closure relations can not be constructed. In the case of the calculations based on the Kerr-Schild coordinate, the fluid velocity
is usually smaller than the speed of light even at the event horizon (Takahashi 2007a), for example, the gamma factor of the
fluid at the horizon γ < 1-100. So, if the photon motion have the speed similar to the fluid’s speed and the closure relations
which is correct for such motions can be constructed, the equations given in this study can be used for the description of such
radiation hydrodynamic flows. It is also note that when effects of the radiation stress can not be neglected, the dissipation
effects can not be correctly treated so far. This is mainly because we do not know the covariant theory describing the local
dissipation effects such as viscosity. One of the promising approach is given by the method based on the extended causal
thermodynamics such as the Israel-Stewart theory (Israel & Stewart 1979) where the causality violating infinite signal speeds
are eliminated (see also, Anile, Pavo´n & Romano 1998). However, while the hydrodynamical equations based on such theory
are formulated by Peitz & Appl (1998), there is no formulations based on such theory for the radiation hydrodynamic or
magnetohydrodynamic equations. This is one of the important studies in terms of the relativistic radiation hydrodynamics in
future.
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APPENDIX A: DIFFERENTIAL VALUES OF METRIC COMPONENTS AND CHRISTOFFEL
SYMBOLS
Here, we present the explicit expressions for the metric components and the their differential values with respect to r and θ
used in this paper. Non-zero components of the metric are given as
gtt = −
(
1− 2mr
Σ
)
, gtr = grt =
2mr
Σ
, gtφ = gφt = −2mar sin
2 θ
Σ
, grr = 1 +
2mr
Σ
,
grφ = gφr = −a sin2 θ
(
1 +
2mr
Σ
)
, gθθ = Σ, gφφ =
A sin2 θ
Σ
, (A1)
and
gtt = −
(
1 +
2mr
Σ
)
, gtr = grt =
2mr
Σ
, grr =
∆
Σ
, grφ = gφr =
a
Σ
, gθθ =
1
Σ
, gφφ =
1
Σ sin2 θ
. (A2)
The differential values of the metric components are given as
∂rgtt = ∂rgtr = ∂rgrt = ∂rgrr =
2m
Σ
(
1− 2r
2
Σ
)
, ∂rgtφ = ∂rgφt = ∂rgrφ = ∂rgφr = −2ma sin
2 θ
Σ
(
1− 2r
2
Σ
)
,
∂rgθθ = 2r, ∂rgφφ = 2 sin
2 θ
[
r +
ma2 sin2 θ
Σ
(
1− 2r
2
Σ
)]
, (A3)
and
∂θgtt = ∂θgtr = ∂θgrt = ∂θgrr =
2ma2r
Σ2
sin 2θ, ∂θgtφ = ∂θgφt = −2mar(r
2 + a2)
Σ2
sin 2θ, ∂θgθθ = −a2 sin 2θ,
∂θgrφ = ∂θgφr = −a sin 2θ
[
1 +
2mr(r2 + a2)
Σ2
]
, ∂θgφφ =
[
∆+ 2mr
(
r2 + a2
Σ
)2]
sin 2θ, (A4)
where we have used
∂rΣ = 2r, ∂rA = 2
[
2rΣ + (r +m)a2 sin2 θ
]
, ∂θΣ = −a2 sin 2θ, ∂θA = −a2∆sin 2θ. (A5)
The Christoffel symbols Γαβγ (α = t, r, θ, φ) are given as
Γttt = −1
2
gtr∂rgtt = −2m
2r
Σ2
(
1− 2r
2
Σ
)
, Γtrr = g
tt∂rgtr +
1
2
gtr∂rgrr = −2m
Σ
(
1 +
mr
Σ
)(
1− 2r
2
Σ
)
,
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Γtθθ = −1
2
gtr∂rgθθ = −2mr
2
Σ
, Γtφφ = −1
2
gtr∂rgφφ = −2mr sin
2 θ
Σ
[
r +
ma2 sin2 θ
Σ
(
1− 2r
2
Σ
)]
,
Γttr = Γ
t
rt =
1
2
gtt∂rgtt = −m
Σ
(
1 +
2mr
Σ
)(
1− 2r
2
Σ
)
, Γttθ = Γ
t
θt =
1
2
(gtt∂θgtt + g
tr∂θgtr) = −ma
2r
Σ2
sin 2θ,
Γttφ = Γ
t
φt = −1
2
gtr∂rgtφ =
2m2ar sin2 θ
Σ2
(
1− 2r
2
Σ
)
, Γtrθ = Γ
t
θr =
1
2
(gtt∂θgtr + g
tr∂θgrr) = −ma
2r
Σ2
sin 2θ,
Γtrφ = Γ
t
φr =
1
2
gtt∂rgtφ =
ma sin2 θ
Σ
(
1 +
2mr
Σ
)(
1− 2r
2
Σ
)
, Γtθφ = Γ
t
φθ =
1
2
(gtt∂θgtφ + g
tr∂θgrφ) =
ma3r
Σ2
sin2 θ sin 2θ,
Γrtt = −1
2
grr∂rgtt = −m∆
Σ2
(
1− 2r
2
Σ
)
, Γrrr = g
tr∂rgtr +
1
2
grr∂rgrr + g
rφ∂rgrφ =
m
Σ
(
1− 2r
2
Σ
)(
2− ∆
Σ
)
,
Γrθθ = −12g
rr∂rgθθ = −r∆
Σ
, Γrφφ = −12g
rr∂rgφφ = −∆
Σ
sin2 θ
[
r +
ma2 sin2 θ
Σ
(
1− 2r
2
Σ
)]
,
Γrtr = Γ
r
rt =
1
2
(gtr∂rgtt + g
rφ∂rgtφ) =
m
Σ
(
1− 2r
2
Σ
)(
1− ∆
Σ
)
,
Γrtθ = Γ
r
θt =
1
2
(gtr∂θgtt + g
rr∂θgtr + g
rφ∂θgtφ) = 0, Γ
r
tφ = Γ
r
φt = −1
2
grr∂rgtφ =
ma∆sin2 θ
Σ2
(
1− 2r
2
Σ
)
Γrrθ = Γ
r
θr =
1
2
(gtr∂θgtr + g
rr∂θgrr + g
rφ∂θgrφ) = − a
2
2Σ
sin 2θ,
Γrrφ = Γ
r
φr =
1
2
(gtr∂rgtφ + g
rφ∂rgφφ) =
a
Σ
sin2 θ
[
r −m
(
1− 2r
2
Σ
)(
1− ∆
Σ
)]
,
Γrθφ = Γ
r
φθ =
1
2
(gtr∂θgtφ + g
rr∂θgrφ + g
rφ∂θgφφ) = 0,
Γθtt = −12g
θθ∂θgtt = −ma
2r
Σ3
sin 2θ, Γθrr = −12g
θθ∂θgrr = −ma
2r
Σ3
sin 2θ, Γθθθ =
1
2
gθθ∂θgθθ = − a
2
2Σ
sin 2θ,
Γθφφ = −12g
θθ∂θgφφ = − sin 2θ
2Σ
[
∆+ 2mr
(
r2 + a2
Σ
)2]
, Γθtr = Γ
θ
rt = −12g
θθ∂θgtr = −ma
2r
Σ3
sin 2θ,
Γθtθ = Γ
θ
θt = 0, Γ
θ
tφ = Γ
θ
φt = −12g
θθ∂θgtφ =
mar(r2 + a2)
Σ3
sin 2θ, Γθrθ = Γ
θ
θr =
1
2
gθθ∂rgθθ =
r
Σ
,
Γθrφ = Γ
θ
φr = −12g
θθ∂θgrφ =
a
2Σ
[
1 +
2mr(r2 + a2)
Σ2
]
sin 2θ, Γθθφ = Γ
θ
φθ = 0,
Γφtt = −
1
2
grφ∂rgtt = −ma
Σ2
(
1− 2r
2
Σ
)
, Γφrr =
1
2
grφ∂rgrr + g
φφ∂rgrφ = −ma
Σ2
(
1− 2r
2
Σ
)
,
Γφθθ = −
1
2
grφ∂rgθθ = −ar
Σ
, Γφφφ = −
1
2
grφ∂rgφφ = − a
Σ
sin2 θ
[
r +
ma2 sin2 θ
Σ
(
1− 2r
2
Σ
)]
,
Γφtr = Γ
φ
rt =
1
2
gφφ∂rgtφ = −ma
Σ2
(
1− 2r
2
Σ
)
, Γφtθ = Γ
φ
θt =
1
2
(grφ∂θgtr + g
φφ∂θgtφ) = −2mar
Σ2
cot θ,
Γφtφ = Γ
φ
φt = −
1
2
grφ∂rgtφ =
ma2 sin2 θ
Σ2
(
1− 2r
2
Σ
)
, Γφrθ = Γ
φ
θr =
1
2
(grφ∂θgrr + g
φφ∂θgrφ) = − a
Σ
(
1 +
2mr
Σ
)
cot θ,
Γφrφ = Γ
φ
φr =
1
2
gφφ∂rgφφ =
1
Σ
[
r +
ma2 sin2 θ
Σ
(
1− 2r
2
Σ
)]
,
Γφθφ = Γ
φ
φθ =
1
2
(grφ∂θgrφ + g
φφ∂θgφφ) =
[
1 +
2mr
Σ
(
r2 + a2
Σ
− 1
)]
cot θ. (A6)
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